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Abstract. A para-Kahler manifold can be defined as a pseudo- 
Riemannian manifold (M, g) with a parallel skew-symmetric para- 
complex structures K, i.e. a parallel field of skew-symmetric endomor- 
phisms with K 2 — Id or, equivalently, as a symplectic manifold (M, ui) 
with a bi-Lagrangian structure L*, i.e. two complementary integrable 
Lagrangian distributions. 

A homogeneous manifold M = G/H of a semisimple Lie group G admits 
an invariant para-Kahler structure (g, K) if and only if it is a covering of 
the adjoint orbit Adc/i of a semisimple element h. We give a description 
of all invariant para-Kahler structures (g, K) on a such homogeneous 
manifold. Using a para-complex analogue of basic formulas of Kahler 
geometry, we prove that any invariant para-complex structure K on 
M = G/H defines a unique para-Kahler Einstein structure (g,K) with 
given non-zero scalar curvature. An explicit formula for the Einstein 
metric g is given. 

A survey of recent results on para-complex geometry is included. 
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1. Introduction. 

An almost para-complex structure on a 2n-dimensional manifold M 
is a field K of involutive endomorphisms (K 2 = 1) with n-dimensional 
eigendistributions with eigenvalues ±1. 

(More generally, any field K of involutive endomorphisms is called an al- 
most para-complex structure in weak sense). 

If the n-dimensional eigendistributions of K are involutive, the field K 
is called a para-complex structure. This is equivalent to the vanishing 
of the Nijenhuis tensor Njc of the K. 

In other words, a para-complex structure on M is the same as a pair of 
complementary n-dimensional integrable distributions T M. 
A decomposition M = M + x M_ of a manifold M into a direct product 
defines on M a para-complex structure K in the weak sense with eigendis- 
tributions T + = TM+ and T~ = TM_ tangent to the factors. It is a 
para-complex structure in the factors M± have the same dimension. 
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Any para-complex structure locally can be obtained by this construction. 
Due to this, an (almost) para-complex structure is also called an (almost) 
product structure. 

A manifold M endowed with a para-complex structure K admits an atlas of 
para-holomorphic coordinates (which are functions with values in the alge- 
bra C = K + eR, e 2 = 1, of para-complex numbers) such that the transition 
functions are para-holomorphic. 

One can define para-complex analogues of different composed geomet- 
ric structures which involve a complex structure (Hermitian, Kahler, nearly 
Kahler, special Kahler, hypercomplex, hyper-Kahler, quaternionic, quater- 
nionic Kahler structures, C-R-structure etc.) changing a complex structure 
J to a para-complex structure K. Many results of the geometry of such 
structures remain valid in the para-complex case. On the other hand, some 
para-complex composed structures admit different interpretation as 3- webs, 
bi-Lagrangian structure and so on. 

The structure of the paper is the following. 
We give a survey of known results about para-complex geometry in section 
2. Sections 3,4,5 contain an elementary introduction to para-complex and 
para-Kahler geometry. 

The bundle A r (T*M <g>C) of C-valued r-form is decomposed into a direct 
sum of (p, g)-forms A P ' Q M and the exterior differential d is represented as a 
direct sum d = d + d. Moreover, a para-complex analogue of the Dolbeault 
Lemma holds (see [3l] and subsection 14. 2p . 

A para-Kahler structure on a manifold M is a pair (g, K) where g is a 
pseudo-Riemannian metric and K is a parallel skew-symmetric para-complex 
structure. A pseudo-Riemannian 2n-dimensional manifold (M, g) admits a 
para-Kahler structure (g, K) if and only if its holonomy group is a subgroup 
of GL n (E) C SO nj n C GL 2n (R). 

If (g, K) is a para-Kahler structure on M, then lo = g o K is a symplec- 
tic structure and the ±l-eigendistributions T^M of K are two integrable 
w-Lagrangian distributions. Due to this, a para-Kahler structure can be 
identified with a bi-Lagrangian structure (a;, T^M) where w is a symplectic 
structure and T^M are two integrable Lagrangian distributions. In sec- 
tion 4 we derive some formulas for the curvature and Ricci curvature of a 
para-Kahler structure (g, K) in terms of para-holomorphic coordinates. In 
particular, we show that, as in the Kahler case, the Ricci tensor S depends 
only on the determinant of the metric tensor g a g written in terms of para- 
holomorphic coordinates. 

In section 5, we consider a homogeneous manifold {M = G/H, K, vol) with 
an invariant para-complex structure K and an invariant volume form vol. 
We establish a formula which expresses the pull-back 7r*p to G of the Ricci 
form p = S o K of any invariant para-Kahler structure (g, K) as the differ- 
ential of a left-invariant 1-form ip, called the Koszul form. 
In the last section, we use the important result by Z. Hou, S. Deng, S. 
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Kaneyuki and K. Nishiyama (see [62], [63] ) stating that a homogeneous 
manifold M = G/H of a semisimple Lie group G admits an invariant para- 
Kahler structure if and only if it is a covering of the adjoint orbit Ad oh of 
a semisimple element /iGg = Lie(G). 

We describe all invariant para-complex structures K on M = G/H in terms 
of fundamental gradations of the Lie algebra q with 0o = f) := Lie(if) and we 
show that they are consistent with any invariant symplectic structure co on 
G/H such that (g = u o K, K) is an invariant para-Kahler structure. This 
gives a description of all invariant para-Kahler structures on homogeneous 
manifolds of a semisimple group G. An invariant para-complex structure 
on M = G/H defines an Anosov flow, but a theorem by Y. Benoist and F. 
Labourie shows that this flow can not be push down to any smooth compact 
quotient T\G/H. We give a complete description of invariant para-Kahler- 
Einstein metrics on homogeneous manifolds of a semisimple Lie group and 
prove the following theorem. 

Theorem 1.1. Let M = G/H be a homogeneous manifold of a semisimple 
Lie group G which admits an invariant para-Kahler structure and K be the 
invariant paracomplex structure on M . Then there exists a unique invariant 
symplectic structure p which is the push- down of the differential dip of the 
Koszul 1-form ip on G such that gx t K '■= A p o K is an invariant para- 
Kahler Einstein metric with Einstein constant A / and this construction 
gives all invariant para-Kahler- Einstein metrics on M . 

2. A SURVEY ON PARA-COMPLEX GEOMETRY. 

2.1. Para-complex structures. The notion of almost para-complex 
structure (or almost product structure) on a manifold was introduced 
by P.K. Rasevskii [95] and P. Libermann [80], [81], where the problem of 
integrability had been also discussed. The paper [37] contains a survey of fur- 
ther results on para-complex structure with more then 100 references. The 
papers [38], [49] contain survey of para-Hermitian and para-Kahler geome- 
tries. Different generalizations of Hermitian geometry and contact geometry 
are considered in [73] . 

Note that a para-complex structure K on a manifold M defines a new Lie 
algebra structure in the space 3C(M) of vector fields given by 

[X, Y] K := [KX, Y] + [X, KY] - K[X, Y] 
such that the map 

(X(M), [., ] K ) - (X(M), [., .]), X^KX 
is a homomorphism of Lie algebras. 

Moreover, K defines a new differential dx of the algebra A(M) of differential 
forms which is a derivation of A(M) of degree one with d\ = 0. It is given 
by 

dx '■= {d, K} := d o l k + i K o d 
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where lk is the derivation associated with K of the supercommutative al- 
gebra A(M) of degree —1 defined by the contraction. (Recall that the su- 
perbracket of two derivations is a derivation). 

In [79], the authors define the notion of para-complex affine immersion 
/ : M — > M' with transversal bundle N between para-complex manifolds 
(M, K), (M\ K') equipped with torsion free para-complex connections V, V 
and prove a theorem about existence and uniqueness of such an immersion 
of (M, K, V) into the affine space M' = K 2m+2n with the standard para- 
complex structure and flat connection. 

In [99], the notion of para-£t*-bundle over an (almost) para-complex 2n- 
dimensional manifold (M, K) is defined as a vector bundle it : E — » M 
with a connection V and a End(£')-valued 1-form S such that 1-parametric 
family of connections 

y t x = V x + cosh(t)S x + smh(t)S KX , X € TM 

is flat. It is a para-complex version of rt*-bundle over a complex manifold 
defined in the context of quantum field theory in [32j , [35] and studied from 
differential-geometric point of view in [36]. In |101j . [99] . [100], the author 
studies properties of para-tt*-connection V* on the tangent bundle E = TM 
of an (almost) para-complex manifold M. In particular, he shows that nearly 
para-Kahler and special para-complex structures on M provide para-ii*- 
connections. It is proved also that a para-tt*-connection which preserves a 
metric or a symplectic form determines a para-pluriharmonic map / : M — > 
N where N = Sp 2n (^) /U n {C n ) or, respectively, N = SO n , n /U n (C n ) with 
invariant pseudo-Riemannian metric. Here U n (C n ) stands for para-complex 
analogue of the unitary group. 

Generalized para-complex structures. Let T(M) := TM(BT*M be the gener- 
alized tangent bundle of a manifold M i.e. the direct sum of the tangent and 
cotangent bundles equipped with the natural metric g of signature (n, n), 

g(X,0,(X',e) :=^(X')+£'(X)). 
The Courant bracket in the space T(T(M)) of sections is defined by 

[(X,0, (X',0] = ([X,X'],Cxt' - £x< - \d(£{X) - 

where Cx is the Lie derivative in the direction of a vector field X. A max- 
imally g-isotropic subbundle D C T(M) is called a Dirac structure if its 
space of sections T(D) is closed under the Courant bracket. 
Changing in the definition of the para-complex structure the tangent bundle 
TM to the generalized tangent bundle T(M) and the Nijenhuis bracket to 
the Courant bracket, A. Wade [105] and I. Vaisman |104j define the notion of 
a generalized para-complex structure which unifies the notion of symplectic 
structure, Poisson structure and para-complex structure and similar to the 
Hitchin's definition of a generalized complex structure (see e.g [57] . [59]). 
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A generalized para-complex structure is a field K of involutive skew- 
symmetric endomorphisms of the bundle T(M) whose ±l-eigendistributions 
T ± 

are closed under the Courant bracket. 
In other words, it is a decomposition T(M) = T + © T~ of the generalized 
tangent bundle into a direct sum of two Dirac structures T . 
Generalized para-complex structures naturally appear in the context of mir- 
ror symmetry: a semi-flat generalized complex structure on a n-torus bundle 
with sections over an n-dimensional manifold M gives rise to a generalized 
para-complex structure on M, see [22]. I. Vaisman |104| extends the reduc- 
tion theorem of Marsden-Weinstein type to generalized complex and para- 
complex structures and gives the characterization of the submanifolds that 
inherit an induced structure via the corresponding classical tensor fields. 

2.2. Para-hypercomplex (complex product) structures. An (al- 
most) para-hypercomplex (or an almost complex product struc- 
ture) on a 2n-dimensional manifold M is a pair (J, K) of an anticommuting 
(almost) complex structure J and an (almost) para-complex structure K. 
The product / = JK is another (almost) para-complex structure on M. 
If the structure J, K are integrable, then / = JK is also an (integrable) 
para-complex structure and the pair (J, K) or triple (I, J, K) is called a 
para-hypercomplex structure. An (almost) para-hypercomplex struc- 
ture is similar to an (almost) hypercomplex structure which is defined as a 
pair of anticommuting (almost) complex structures. Like for almost hyper- 
complex structure, there exists a canonical connection V, called the Obata 
connection, which preserves a given almost para-hypercomplex structure 
(i.e. such that VJ = VK = VI = 0). The torsion of this connection van- 
ishes if and only if Nj = Nr = Nj = that is (J, K) is a para-hypercomplex 
structure. 

At any point x € M the endomorphisms /, J, K define a standard basis of 
the Lie subalgebra S^QR) C End(T x M). The conjugation by a (constant) 
matrix A £ SL2 (M) allows to associate with an (almost) para-hypercomplex 
structure (J, K) a 3-parametric family of (almost) para-hypercomplex struc- 
tures which have the same Obata connection. 

Let TM = T + © T~ be the eigenspace decomposition for the almost para- 
complex structure K. Then the almost complex structure J defines the 
isomorphism J : T + — > T~ and we can identify the tangent bundle TM 
with a tensor product TM = M 2 (8) E such that the endomorphisms J, K, I 
acts on the first factor R 2 in the standard way : 

Any basis of E x defines a basis of the tangent space T X M and the set of 
such (adapted) bases form a GL n (R)-structure (that is a principal GL n (J$C}- 
subbundle of the frame bundle of M). So one can identify an almost para- 
hypercomplex structure with a GL n (M)-structure and a para-hypercomplex 
structure with a 1-integrable GL n (M)-structure. This means that (J,K) is 
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a para-hypercomplex structure. The basic facts of the geometry of para- 
hypercomplex manifolds are described in |14j , where also some examples are 
considered. 

Invariant para-hypercomplex structures on Lie groups are investigated in [15] 
- [18J. Algebraically, the construction of left-invariant para-hypercomplex 
structures on a Lie group G reduces to the decomposition of its Lie algebra 
q into a direct sum of subalgebras q + , q~ together with the construction of a 
complex structure J which interchanges + ,0~. It is proved in [18] that the 
Lie algebras carry structure of left-symmetric algebra. Applications to 
construction of hypercomplex and hypersymplectic (or para-hyperKahler) 
structures are considered there. 

Connection between a para-hypercomplex structure (J, K) on a 2n- 
dimensional manifold M and a 3-web and special G-structures are stud- 
ied in [82]. Recall that a 3-web on a 2n-dimensional manifold M is a 
triple (Vi, V2,Va) of mutually complementary n-dimensional integrable dis- 
tributions. A para-hypercomplex structure (J, K) on M defines a 3-web 
T + , T~ , S + , where , are the eigendistributions of the para-complex 
structures K and / = JK. Conversely, let (Vi, V2, V3) be a 3-web. Then the 
decomposition TM = V\ +V2 defines a para-complex structure K and the 
distribution V3 is the graph of a canonically defined isomorphism / : Vi — * V2 
that is V3 = (1 + f)V\. The n-dimensional distribution V4 := (1 — / _1 )V2 
gives a direct sum decomposition TM = V3+V4 which defines another almost 
para-complex structure I which anticommute with K. Hence, (J = IK, K) 
is almost hypercomplex structure. It is integrable if and only if the distri- 
bution V4 = (1 — f~ 1 )\ r 2 associated with the 3-web (Vi, V2, V3) is integrable. 
So, any 3-web defines an almost para-hypercomplex structure which is para- 
hypercomplex structure if the distribution V4 is integrable. 
The monograph [1] contains a detailed exposition of the theory of three- webs, 
which was started by Bol, Chern and Blaschke and continued by M.A.Akivis 
and his school. Relations with the theories of G-structures, in particular 
Grassmann structures, symmetric spaces, algebraic geometry, nomography, 
quasigroups, non-associative algebras and differential equations of hydrody- 
namic type are discussed. 



2.3. Para-quaternionic structures. An almost para-quaternionic 
structure on a 2n-dimensional manifold M is defined by a 3-dimensional 
subbundle Q of the bundle End(TM) of endomorphisms, which is lo- 
cally generated by an almost para-hypercomplex structure (I,J,K), i.e. 
Q x = RXj. + MJ X + MK X where x € U and U C M is a domain where I,J,K 
are defined. If Q is invariant under a torsion free connection V (called a 
para-quaternionic connection) then Q is called a para-quaternionic 
structure. The normalizer of the Lie algebra sp x (R) = span(/ x , J X ,K X ) in 
GL(T X M) is isomorphic to Spi(R)-GL n (M). So an almost para-quaternionic 
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structure can be considered as a 5pi(R) ■ GL n (M)-structure and a para- 
quaternionic structure corresponds to the case when this G-structure is 1- 
flat. Any para-hypercomplex structure (/, J, K) defines a para-quaternionic 
structure Q = span(J, J,K), since the Obata connection V is a torsion free 
connection which preserves Q. The converse claim is not true even locally. 
A para-quaternionic structure is generated by a para-hypercomplex struc- 
ture if and only if it admits a para-quaternionic connection with holonomy 
group Hoi C GL n (R). 

Let TM = H ® E be an almost Grassmann structure of type (2,n), 
that is a decomposition of the tangent bundle of a manifold M into a tensor 
product of a 2-dimensional vector bundle H and an n-dimensional bundle 
E. A non-degenerate 2-form lu h in the bundle H defines an almost para- 
quaternionic structure Q in M as follows. For any symplectic basis (h-, h+) 
of a fibre H x we define I x = I H ® 1, J x = J H <£> 1, K x = K H <g> 1 where 
I H , J H , K H are endomorphisms of H x which in the bases h~,h+ are repre- 
sented by the matrices ([TJ. Then, for x G M, Q x is spanned by I x , J x , K x . 

2.4. Almost para-Hermitian and para-Hermitian structures. Like in 
the complex case, combining an (almost) para-complex structure K with a 
" compatible" pseudo-Riemannian metric g we get an interesting class of geo- 
metric structures. The natural compatibility condition is the Hermitian con- 
dition which means that that the endomorphism K is skew-symmetric with 
respect to g. A pair (g, K) which consists of a pseudo-Riemannian metric g 
and a skew-symmetric (almost) para-complex structure K is called an (al- 
most) para-Hermitian structure. An almost para-Hermitian structure 
on a 2n-dimensional manifold can be identified with a GL n (M)-structure. 
The para-Hermitian metric g has necessary the neutral signature (n, n). A 
para-Hermitian manifold (M,g,K) admits a unique connection (called the 
para-Bismut connection) which preserves g, K and has a skew-symmetric 
torsion. 

The Kahler form u := g o K of an almost para-Hermitian manifold is not 
necessary closed. 

A special class of para-Hermitian manifolds and their submanifolds are stud- 
ied in |74j . In the paper [19], the authors classify autodual 4-dimensional 
para-Hermitian manifolds with constant scalar curvature and parallel Lee 
form, which satisfy some extra conditions. 

In [5l], the authors describe a decomposition of the space of (0, 3)-tensors 
with the symmetry of covariant derivative V 9 u> (where V 9 is the Levi-Civita 
connection of g) into irreducible subspaces with respect to the natural ac- 
tion of the structure group GL n (R). It gives an important classification 
of possible types of almost para-Hermitian structures which is an analogue 
of Gray-Hervella classification of Hermitian structures. Such special classes 
of almost para-Hermitian manifolds are almost para-Kahler manifolds 
(the Kahler form uj is closed), nearly para-Kahler manifolds (X7 9 u is a 
3-form) and para-Kahler manifolds (V 9 lo = 0). 
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Almost para-Hermitian and almost para-Kahler structures naturally arise 
on the cotangent bundle T*M of a pseudo-Riemannian manifold (M, g). The 
Levi-Civita connection defines a decomposition T^(T*M) = T£ ert (T*M) + 
of the tangent bundle into vertical and horizontal subbundles. This gives 
an almost para-complex structure K on T*M. The natural identification 
T£ ert M = T*M = T X M = H{, where £ E T*M and allows to define also a 
compatible metric on T*M that is almost para-Hermitian structure, which 
is studied in [94J. Also the above identification defines an almost complex 
structure J which anticommute with K. It allows to define an almost para- 
hyperHermitian structure on TM (i.e. a pseudo-Riemannian metric together 
with two skew-symmetric anticommuting almost para-complex structures ), 
studied in [67]. In [29], the authors consider almost para-Hermitian mani- 
folds with pointwise constant para-holomorphic sectional curvature, which 
is defined as in the Hermitian case. They characterize these manifolds in 
terms of the curvature tensor and prove that Schur lemma is not valid, in 
general, for an almost para-Hermitian manifold. 

A (l,2)-tensor field T on an almost para-Hermitian manifold (M,g,K) is 
called a homogeneous structure if the connection V := V 9 — T preserves 
the tensors g,K,T and the curvature tensor R of the metric g. In [53] , the 
authors characterize reductive homogeneous manifolds with invariant almost 
para-Hermitian structure in terms of homogeneous structure T and give a 
classification of possible types of such tensors T. 

Left-invariant para-Hermitian structures on semidirect and twisted products 
of Lie groups had been constructed and studied in the papers [90] , [91] , [92] , 

M- 

Ci?-submanifolds of almost para-Hermitian manifolds are studied in |48j . 
Four dimensional compact almost para-Hermitian manifolds are considered 
in [83]. The author decomposes these manifolds into three families and es- 
tablishes some relations between Euler characteristic and Hirzebruch indices 
of such manifolds. 

Harmonic maps between almost para-Hermitian manifolds are considered 
in [21]. In particular, the authors show that a map / : M — > N between 
Riemannian manifolds is totally geodesic if and only if the induced map 
df : TM — ► TN of the tangent bundles equipped with the canonical almost 
para-Hermitian structure is para-holomorphic. 

In [76] it is proved that the symplectic reduction of an almost para-Kahler 
manifolds (M, g, K) under the action of a symmetry group G which admits 
a momentum map \i : M — > q* provides an almost para-Kahler structure on 
the reduced symplectic manifold /i _1 (0)/G. 

An almost para-Kahler manifold (M,g,K) can be described in terms of 
symplectic geometry as a symplectic manifold (M, u = g o K) with a bi- 
Lagrangian splitting TM = T + © T~, i.e. a decomposition of the tangent 
bundle into a direct sum of two Lagrangian (in general non-integrable) dis- 
tributions T^ 1 . An almost para-Kahler manifold has a canonical symplectic 
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connection V which preserves the distributions T^, defined by 

V x ±Y ± = ^- 1 (C x ±(u;oY ± )), 

V x+Y - = pr T -[X+,Y-} , V x -Y + = pr T+ [X~,Y+] 

for vector fields X^Y 1 * 1 E r(T ± ). Note that the torsion T of this con- 
nection satisfies the conditions T(T + ,T~) = 0. If the distribution T + is 
integrable, then T(T + ,T + ) = and the curvature R satisfies the condition 
R(T + ,T + ) = 0. So the connection V defines a fiat torsion free connection 
V L (which depends only on (lo,T + )) on any leaf L of the integrable distri- 
bution T + . So the leaf L has the canonical (flat) affine structure. Indeed, if 
X + E T(T + ) is a symplectic vector field, i.e. C x +oj = 0) then 

y L x +y + = V x +Y + = -[X + ,Y+], vy+e r(r+). 

Since symplectic fields tangent to T + span the space T(T + ) of vector fields 
tangent to T + , V L is a well defined flat connection on L. Moreover, one can 
easily check that for symplectic commuting vector fields X + ,Y + E T(T + ) 
and any Z E T(T~), the following holds 

R{X + ,Y+)Z = V X+ [Y + ,Z] T - - V Y+ [X+,Z] T - 

= [X+, [Y + , Z] T -] T - - [Y+, [X + , Z] T -] T - 

= [X+,[Y + ,Z]] T --[Y+,[X+,Z)] T -=0, 

which shows that R(T + ,T + ) = 0. Here X T - is the projection of X E TM 
onto T~. 

Let fi,...,f n be independent functions which are constant on leaves of 
T + . Then the leaves of T + are level sets /i = c\ , . . . , f n = c n and the 
Hamiltonian vector fields Xi := uj^ 1 o dfi commute and form a basis of 
tangent parallel fields along any leaf L. ^From the formula for the Poisson 
bracket it follows 

{fi, fj} = u-^dfi, dfj) = = dfi(Xj) = Xj ■ ft . 

By a classical theorem of A. Weinstein [106| any Lagrangian foliation 7~ + is 
locally equivalent to the cotangent bundle fibration T*N — > N. More pre- 
cisely, let N be a Lagrangian submanifold of the symplectic manifold (M, u>) 
transversal to the leaves of an integrable Lagrangian distribution T + . Then 
there is an open neighborhood M' of N in M such that (M', uj\m', T + \m>) 
is equivalent to a neighborhood V of the zero section Z x C T*N equipped 
with the standard symplectic structure oo s t of T*N and the Lagrangian fo- 
liation induced by T*N — > N. In [103J a condition in order that (M,uj, T + ) 
is globally equivalent to the cotangent bundle T*N,uj s t is given. 
Let (M = T*,iv s t) be the cotangent bundle of a manifold N with the 
standard symplectic structure LO s t and the standard integrable Lagrangian 
distributions T + defined by the projection T*N — > N. A transversal to 
T + Lagrangian submanifolds are the graph = (x,£ x ) of closed 1-forms 
£ E r2 1 (A^). The horizontal distribution T~ = C TM of a torsion free 
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linear connection V in N is a Lagrangian distribution complementary to T + 
[88j . Hence any torsion free connection defines an almost para-Kahler struc- 
ture on (cu s t,T + ,T~ = H^ 7 ). Note that the distribution T + is integrable 
and the distribution = is integrable if and only if the connection V 
is flat. Such structure is called a half integrable almost para-Kahler 
structure. An application of such structures to construction of Lax pairs 
in Lagrangian dynamics is given in |31j . 

In [69], the authors define several canonical para-Hermitian connections 
on an almost para-Hermitian manifold and use them to study properties of 
4-dimensional para-Hermitian and 6-dimensional nearly para-Kahler man- 
ifolds. In particular, they show that a nearly para-Kahler 6-manifold is 
Einstein and a priori may be Ricci flat and that the Nijenhuis tensor Nk 
is parallel with respect to the canonical connection. They also prove that 
the Kodaira-Thurston surface and the Inoue surface admit a hyper-para- 
complex structure. The corresponding para-hyperHermitian structures are 
locally (but not globally) conformally para-hyperKahler. 

2.5. Para-Kahler (bi-Lagrangian or Lagrangian 2-web) structures. 

A survey of results on geometry of para-Kahler manifolds is given in |49j . 
Here we review mostly results which are not covered in this paper. Re- 
call that an almost para-Hermitian manifold (M,g,K) is para-Kahler if 
the Levi-Civita connection V 9 preserves K or equivalently its holonomy 
group Hol x at a point x € M preserves the eigenspaces decomposition 
T X M = T+ + T~. The parallel eigendistributions T ± of K are (/-isotropic 
integrable distributions. Moreover, they are Lagrangian distributions with 
respect to the Kahler form u = g o K which is parallel and, hence, closed. 
The leaves of these distributions are totally geodesic submanifolds and they 
are flat with respect to the induced connection, see section 2.4. 
A pseudo-Riemannian manifold (M,g) admits a para-Kahler structure 
(g, K) if the holonomy group Hol x at a point x preserves two complemen- 
tary g- isotropic subspaces T^f. Indeed the associated distributions are 
parallel and define the para-complex structure K with K\ T ± = ±1. 
Let (M, g) be a pseudo-Riemannian manifold. In general, if the holonomy 
group Hol x preserves two complementary invariant subspaces Vi,V2, then 
a theorem by L. Berard-Bergery [75] shows that there are two complemen- 
tary invariant g-isotropic subspaces which define a para-Kahler structure 
(g,K) on M. 

Many local results of Kahler geometry remain valid for para-Kahler mani- 
folds, see section 4. The curvature tensor of a para-Kahler manifold belongs 
to the space 72.(gl n (R)) of g( n (M)-valued 2-forms which satisfy the Bianchi 
identity. This space decomposes into a sum of three irreducible gl n (R)- 
invariant subspaces. In particular, the curvature tensor R of a para-Kahler 
manifold has the canonical decomposition 



R = cRi + R r - r o + W 



12 



D.V. ALEKSEEVSKY, C. MEDORI AND A. TOMASSINI 



where R\ is the curvature tensor of constant para-holomorphic curvature 
1 (defined as the sectional curvature in the para-holomorphic direction 
(X, KX)), Rj.^ is the tensor associated with the trace free part ric° of 
the Ricci tensor ric of R and W € H(sl n (M)) is the para- analogue of the 
Weyl tensor which has zero Ricci part. Para-Kahler manifolds with constant 
para-holomorphic curvature (and the curvature tensor proportional to R\) 
are called para-Kahler space forms. They were defined in [?] and studied 
in [98], [46], [47]. Like in the Kahler case, there exists a unique (up to an 
isometry) simply connected complete para-Kahler manifold of constant 
para-holomorphic curvature k. It can be described as the projective space 
over para-complex numbers. Any complete para-Kahler manifold of con- 
stant para-holomorphic curvature k is a quotient of by a discrete group 
of isometries acting in a properly discontinuous way. 

Different classes of submanifolds of a para-Kahler manifold are studied in 
the following papers: 

[2] (para-complex submanifolds), @7J , [97] , [2] (C-R-submanifolds), [96] 
(anti-holomorphic totally umbilical submanifolds), [66j (special totally um- 
bilical submanifolds). 

2.5.1. Symmetric and homogeneous para-Kahler manifolds. A para-Kahler 
manifold (M, g, K) is called symmetric if there exists a central sym- 
metry S x with center at any point x € M that is an involutive isome- 
try which preserves K and has x as isolated fixed point. The connected 
component G of the group generated by central symmetries (called the 
group of transvections) acts transitively on M and one can identify 
M with the coset space M = G / H where H is the stabilizer of a point 
o € M. It is known, see [3], that a para-Kahler (and, more generally, a 
pseudo-Riemannian) symmetric space with non degenerate Ricci tensor has 
a semisimple group of isometries. All such symmetric manifolds are known. 
In the Ricci flat case, the group generated by transvections is solvable and 
the connected holonomy group is nilpotent [3]. 

The classification of simply connected symmetric para-Kahler manifolds re- 
duces to the classification of 3-graded Lie algebras 

s = 0- 1 +0°+0 1 , :0'.0 r - 0'-' 

such that g°-modules g _1 and g 1 are contragredient (dual). 
Then g = fj + m = (g°) + (g -1 + g 1 ) is a symmetric decomposition, the 
ad (^-invariant pairing g _1 x g 1 - > R defines an invariant metric on the asso- 
ciated homogeneous manifold M = G/H and the ad ^-invariant subspaces 
C m ~ T D M define eigendistributions of an invariant para-complex struc- 
ture K. Symmetric para-Kahler spaces of a semisimple Lie group G were 
studied and classified by S. Kaneyuki [70], [71], [72] , 

3-graded Lie algebras are closely related with Jordan pairs and Jordan alge- 
bras, see [25J, and have different applications. In [3], a construction of some 
class of Ricci flat para-Kahler symmetric spaces of nilpotent Lie groups is 
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described and the classification of Ricci flat para-Kahler symmetric spaces 
of dimension 4 and 6 is obtained. 

Some classes of para-Kahler manifolds which are generalizations of symmet- 
ric para-Kahler manifolds are defined and studied in [41] and [42j . 

Homogeneous para-Kahler manifolds of a semisimple Lie group had been 
studied by S. Kaneyuki and his collaborators, see [62], [63]. In particular, 
they prove that a homogeneous manifold M = G/H of a semisimple Lie 
group G admits an invariant para-Kahler structure if and only if it is a cover 
of the adjoint orbit of a semisimple element of the Lie algebra q of G. A 
description of invariant para-Kahler structures on homogeneous manifolds 
of the normal real form of a complex semisimple Lie group was given in 
(60] . |61j . An explicit description of all invariant para-Kahler structures on 
homogeneous manifolds of a semisimple Lie group had been given in [9], see 
section 6. 

Berezin quantization on para-Kahler symmetric spaces of a semisimple Lie 
group had been studied in [83] , [85] , [86] . Kostant quantization of a general 
symplectic manifold with a bi-Lagrangian structure (that is a para-Kahler 
manifold) is considered in |58j . 

2.5.2. Special para-Kahler manifolds, tt* -bundles and affine hyper spheres. 
The notion of special para-Kahler structure on a manifold M had been 
defined in the important paper [33]. It is an analogue of the notion of special 
Kahler structure and it is defined as a para-Kahler structure (g, K) together 
with a flat torsion free connection V which preserves the Kahler form uj = 
g o K and satisfies the condition (V X K)Y = (V Y K)X for X, Y G TM. 

It was shown in [53], [35] that the target space for scalar fields in 4- 
dimensional Euclidean N = 2 supersymmetry carries a special para-Kahler 
structure similar to the special Kahler structure which arises on the target 
space of scalar fields for N = 2 Lorentzian 4-dimensional supersymmetry. 
This gives an explanation of a formal construction [55], where the authors 
obtains the Euclidean supergravity action changing in the Lagrangian the 
imaginary unit i by a symbol e with e 2 = 1. Besides physical applications, 
[34j contains an exposition of basic results of para-complex and para-Kahler 
geometry in para-holomorphic coordinates. 

In [33] , the authors construct a canonical immersion of a simply connected 
special para-Kahler manifold into the affine space IR™" 1 " 1 as a parabolic affine 
hypersphere. Any non-degenerate para-holomorphic function defines a spe- 
cial para-Kahler manifold and the corresponding affine hypersphere is ex- 
plicitly described. It is shown also that any conical special para-Kahler 
manifold is foliated by proper affine hyperspheres of constant affine and 
pseudo-Riemannian mean curvature. Special para-Kahler structures are 
closely related with para-tt*-bundles,[99j QUI [M]. 

2.6. Para-hyperKahler (hypersymplectic) structures and para- 
hyper Kahler structures with torsion (PHKT-structures). A para- 
hyperKahler (hypersymplectic) structure on a 4n-dimensional manifold 
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M can be defined as a pseudo-Riemannian metric g together with a V 9 - 
parallel g-skew-symmetric para-hypercomplex structure (J,K). A pseudo- 
Riemannian metric g admits a para-hyperKahler structure if its holonomy 
group is a subgroup of the symplectic group Sp n (M) C SLi n (M.). A para- 
hypercomplex structure (J, K) defines a para-hyperKahler structure if and 
only if its (torsion free) Obata connection V preserves a metric g. In other 
words, the holonomy group of V ( which is in general a subgroup of the 
group GL(E) ~ GI/2n(R), which acts on the second factor of the canoni- 
cal decomposition T X M = M. 2 (g) E) must preserve a non-degenerate 2-form 
u , hence be a subgroup of Sp(E,uj E ) ~ Sp n (R). The metric g of a para- 
hyperKahler structure has signature (2n,2n). In this case the 2-form uj e 
together with the volume 2-form u> H on the trivial bundle M 2 x M — > M 
defines the metric 5 = uj h ® uj e in TM = R 2 ® E such that (5, J, K) is a 
para-hyperKahler structure. 

Para-hyperKahler structure (g, J, K) can be also described in symplectic 
terms as follows. Note that u\ := g o (JK), 102 '■= g ° J, = g o K are 
three parallel symplectic structures and the associated three fields of endo- 
morphisms 

i'T = W^ 1 O u>2, —I = W^" 1 O —J = CJg" 1 O LOi 

define a para-hypercomplex structure (/ = JK,J,K). Conversely, three 
symplectic structures u\ , u%, u>s such that the associated three fields of en- 
domorphisms /, J, K form an almost para-hypercomplex structure (/, J, K) 
and define a para-hyperKahler structure (g = uj\ o /, J, X), see [18]. In the 
hyperKahler case this claim is known as Hitchin Lemma. Due to this, para- 
hyperKahler manifolds are also called hypersymplectic manifolds. 
The metric of a hypersymplectic manifold is Ricci-flat and the space of cur- 
vature tensors can be identified with the space S E of homogeneous poly- 
nomial of degree four. 

In contrast to the hyperKahler case, there are homogeneous and even sym- 
metric hypersymplectic manifolds. However, the isometry group of a sym- 
metric hypersymplectic manifold is solvable. In [1], a classification of simply 
connected symmetric para-hyperKahler manifolds with commutative holo- 
nomy group is presented. Such manifolds are defined by homogeneous poly- 
nomials of degree 4. 

In [50], the authors construct hypersymplectic structures on some Kodaira 
manifolds. Many other interesting examples of left-invariant hypersymplec- 
tic structures of solvable Lie groups had been given in [15], [18] , [17] and 
|16j . where all such structures on 4-dimensional Lie groups had been classi- 
fied. Under some additional assumption, it is given also in |28j . 
In [40], the authors construct and study hypersymplectic spaces obtained as 
quotients of the flat hypersymplectic space M 4n by the action of a compact 
abelian group. In particular, conditions for smoothness and non-degeneracy 
of such quotients are given. 
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A natural generalization of para-hyperKahler structure is a para- 
hyperKahler structure with torsion (PHKT-structure) defined and 
studied in [68] • It is denned as a pseudo-Riemannian metric g together with 
a skew-symmetric para-hypercomplex structure (J, K) such that there is a 
connection V which preserves g, J, K and has skew-symmetric torsion tensor 
T, i.e. such that g o T is a 3-form. The structure is called strong if the 
3-form g o T is closed. The authors show that locally such a structure is 
defined by a real function (potential) and construct examples of strong and 
non strong PHKT-structures. 

2.7. Para-quaternionic Kahler structures and para-quaternionic- 
Kahler with torsion (PQKT) structures. A para-quaternionic struc- 
ture on a 4n-dimensional manifold M 4n can be defined as a pseudo- 
Riemannian metric g (of neutral signature (2n, 2n)) with holonomy group in 
/Spi(M) • Sp n (M). This means that the Levi-Civita connection V 9 preserves 
a para-quaternionic structure Q. This implies that the metric g is Einstein. 
Moreover, the scalar curvature seal is zero if and only if the restricted holo- 
nomy group is in Sp n (R) and the induced connection in Q is flat. 
We will assume that seal ^ 0. Then the holonomy group contains Spi(K) 
and it is irreducible. Examples of para-quaternionic Kahler manifolds are 
para-quaternionic Kahler symmetric spaces. Any para-quaternionic Kahler 
symmetric space is a homogeneous manifold M = G/H of a simple Lie group 
G of isometries. The classification of simply connected para-quaternionic 
Kahler symmetric spaces reduces to the description of the Z-gradations of 
the corresponding real simple Lie algebras of the form 

= _2 + 0~ 1 + 0° + 1 +0 2 

with dimg ±2 = 1. Such gradations can be easily determined, see section 
6. The classification of para-Kahler symmetric spaces based on twistor ap- 
proach is given in [39J. In this paper, the authors define the twistor spaces 
Z(M), the para-3-Sasakian bundle S(M) and the positive Swann bun- 
dle U + {M) of a para-quaternionic Kahler manifold (M,g,Q) and study 
induced geometric structures. They assume that M is real analytic and 
consider a (locally defined) holomorphic Grassmann structure of the com- 
plexification M c of M, that is an isomorphism TM C ~ E (g) H of the holo- 
morphic tangent bundle TM C with the tensor product of two holomorphic 
vector bundles E, H of dimension 2n and 2. The twistor space is defined 
as the projectivization Z(M) := PH of the bundle H which can be iden- 
tified with the space of (totally geodesic) a-surfaces in M c . The authors 
prove that Z(M) carries a natural holomorphic contact form 9 and a real 
structure and give a characterization of the twistor spaces Z = Z(M) as 
(2n + l)-dimensional complex manifolds with a holomorphic contact form 
and a real structure which satisfy some conditions. 

This is a specification of a more general construction [20] of the twistor space 
of a manifold with a holomorphic Grassmann structure (called also a 
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complex para-conformal structure). 

The para-3-Sasakian bundle associated with (M,g,Q) is the principal 
SL 2 (K)-bundle S(M) -> M of the standard frames s = (I,J,K) of the 
quaternionic bundle Q C End(TAf). It has a natural metric gs defined by 
the metric g and the standard bi- invariant metric on SX2(R). The standard 
generators of define three Killing vector fields £ a , a = 1,2,3 with 

the square norm 1, —1, 1 which define a para-3-Sasakian structure. This 
means that the curvature operator R(X,^ a ) =IA(„ for X € TM. This 
is equivalent to the condition that the cone metric gu = dr 2 + r 2 g on the 
cone U + (M) = M x R + is hypersymplectic, i.e. admits a V 9u -parallel para- 
hypercomplex structure Ijj,Ju, K\j . The bundle U + {M) — > M is called the 
positive Swann bundle. 

Let G c be the complexification of a real non compact semisimple Lie 
group G and O an adjoint nilpotent orbit of G c . 

In [39], it is proved that the projectivization FO is the twistor space of a 
para-quaternionic Kahler manifold M if and only if O is the complexification 
of a nilpotent orbit of G in the real Lie algebra g. In this case, G acts 
transitively on M preserving the para-quaternionic Kahler structure. 

Using the hypersymplectic momentum map of U + (M) , the authors prove 
that, if a semisimple isometry group G of a para-quaternionic Kahler man- 
ifold (M,g,Q) acts transitively on the twistor space Z(M), then the corre- 
sponding orbit O is the orbit of the highest root vector and the manifold M 
is symmetric. This leads to the classification of para-quaternionic Kahler 
symmetric spaces of a semisimple Lie group G, hence of all para-quaternionic 
Kahler symmetric spaces of non-zero scalar curvature, due to the following 
result: 

Any para-quaternionic Kahler or pseudo-quaternionic Kahler symmetric 
space with a non-zero scalar curvature seal is a homogeneous space of a 
simple Lie group. 

This result have been proven in [5], where a classification of pseudo- 
quaternionic Kahler symmetric spaces with seal ^ is given in terms of Kac 
diagrams. In [26] and [27], the authors define two twistor spaces Z + (M) 
and Z~ (M) of a para-quaternionic Kahler manifold (M, g, Q) of dimension 
An. They consist of all para-complex structures K G Q, K 2 = 1 and, respec- 
tively, complex structures J € Q, J 2 = —1 of the quaternionic bundle Q. 
The authors define a natural almost para-complex, respectively, an almost 
complex structure on Z + (M) and, respectively, Z~(M) and prove their in- 
tegr ability in the case n > 1. In [6], the geometry of these twistor spaces 
are studied using the theory of G-structures. It is proved that the natu- 
ral horizontal distribution on Z ± (M) is a para-holomorphic or, respectively, 
holomorphic contact distribution and that the manifolds Z^ (M) carries two 
canonical Einstein metrics, one of which is (para)-Kahler. A twistor descrip- 
tion of (automatically minimal) Kahler and para-Kahler submanifolds in M 
is given. 
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A para-quaternionic Kahler manifold with torsion is a pseudo- 
Riemannian manifold (M, g) with a skew-symmetric almost para- 
quaternionic structure Q which admits a preserving Q metric connection 
with skew-symmetric torsion. 

Such manifolds are studied in |107j . In particular, it is proved that this 
notion is invariant under a conformal transformation of the metric g. 

2.8. Para-CR structures and para-quaternionic CR structures 
(para-3-Sasakian structures). A weak almost para-Ci? structure of 
codimension k on a m + fc-dimensional manifold M is a pair (HM,K), 
where HM C TM is a rank m distribution and K € End(-ffM) is a field 
of endomorphisms such that K 2 = id and K ^ ±id. If m = 2n and ±1- 
eigendistributions of K has rank re, the pair (H, K) is called an almost 
para-C-R-structure. 

A (weak) almost para-CR structure is said to be a (weak) para-CR struc- 
ture, if it is integrable, that is eigen-distributions are involutive or, 
equivalently, the the following conditions hold: 

[KX, KY] + [X, Y] e T(HM) , 

S(X, Y) := [X, Y] + [KX, KY] - K([X, KY] + [KX, Y]) = 
for all X,Y e T(HM). 

In [10] and [TT], a description of maximally homogeneous weak para-CR- 
structures of semisimple type in terms of fundamental gradations of real 
semisimple Lie algebras is given. 

Codimension one para-CR structures are naturally arise on generic hyper- 
surfaces of a para-complex manifold N, in particular, on hypersurfaces in a 
Cartesian square N = X x X of a manifold X. 

Consider, for example, a second order ODE y = F(x,y,y). Its general so- 
lution y = f(x,y,X,Y) depends on two free parameters X, Y (constants 
of integration) and determines a hypersurface M in the space I 2 x I 2 = 
{(x,y,X, Y)} with the natural para-complex structure K invariant under 
the point transformations. The induced para-Ci? structure on the space M 
of solutions plays important role in a geometric theory of ODE, developed 
in [89], where a para-analogue of the Fefferman metric on a bundle over M 
is constructed and a notion of duality of ODEs is introduced and studied. 

In [7], a notion of a para-quaternionic (respectively, quaternionic) 
CR structure on 4n + 3-dimensional manifold M is defined as a triple 
(uijUzjUa) of 1-forms such that associated 2-forms 

p 1 = duj\ — 2e UJ2 A u>3 , p 2 = du>x + 2^3 Awj, p 3 = dujs + 2u>i A UJ2 , 

(where e = 1 in the para-quaternionic case and e = — 1 in the quaternionic 
case) are non-degenerate on the subbundle H = n 3 =1 Keru; a of codimension 
three and the endomorphisms 

Jl = -e(Pff) -1 Ph , h = (phy 1 ° Ph , Js = {PhT 1 Ph , 
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define an almost para-hypercomplex (respectively, almost hypercomplex) 
structure on H. It is shown that such a structure defines a para-3-Sasakian 
(respectively, pseudo-3-Sasakian) structure on M, hypersymplectic (respec- 
tively, hyperKahler) structure on the cone C{M) = M x R + and, un- 
der some regularity assumptions, a para-quaternionic Kahler (respectively, 
quaternionic Kahler) structure on the orbit space of a naturally defined 3- 
dimensional group of transformations on M (locally isomorphic to Spi(R) 
or Spi). Some homogeneous examples of such structures are indicated and 
a simple reduction method for constructing a non-homogeneous example is 
described. 

3. Para-complex vector spaces. 

3.1. The algebra of para-complex numbers C. We recall that the al- 
gebra of para-complex numbers is defined as the vector space C = R 2 
with the multiplication 

(x, y) • (x', y') = {xx + yy', xy' + yx) . 

We set e = (0, 1). Then e 2 = 1 and we can write 

C = R + eR = {z = x + ey , \ x, y G R} . 

The conjugation of an element z = x + ey is defined by z := x — ey and 
Kez := x and ^smz = y are called the real part and the imaginary part 
of the para-complex number z, respectively. 

We denote by C* = {z = x + ey , | x 2 — y 2 ^ 0} the group of invertible 
elements of C. 

3.2. Para-complex structures on a real vector space. Let V be a 2n- 

dimensional real vector space. A para-complex structure on V is an 
endomorphism K : V — > V such that 

i) K 2 = Idy; 

ii) the eigenspaces V + , V~ of K with eigenvalues 1, —1, respectively, 
have the same dimension. 

The pair (V, K) will be called a para-complex vector space. 

Let K be a para-complex structure on V. We define the para- 
complexification of V as V c = V (8>m C and we extend K to a C-linear 
endomorphism K of V . Then by setting 

V 1 ' = {v € V c | Kv = ev} = {v + eKv \ v G V} , 

V ' 1 = {v € V c | Kv = -ev] = {v - eKv \ v G V} , 

we obtain V c = V lfi ®V ' 1 . 

Remark 3.1. The extension K of the endomorphism K with eigenvalues 
±1 to V c has "eigenvalues" ±e. There is no contradiction since V c is a 
module over C, but not a vector space (C is an algebra, but not a field). 
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The conjugation of x + ey G V is given by ~z = x — ey, where x, y G V. 
A para-complex structure K on V induces a para-complex structure K* on 
the dual space V* of V by 

K*(a)(v) =a(Kv), 

for any a £ V* , v £ V . Therefore, if V* c = V*® R C, then V* c = V lfi ®V ,i, 
where 

V 1>0 = {a G V* c | K*a = ea} = {a + eK*a \ a G V*} , 

Vb,i = {a G V* c | K*a = -ea} = {a - eK*a \ a G V*} . 

Denote by /\ p ' q V* c the subspace of AV* C spanned by a A/3, with a G A p Vi ;0 
and G A«F ,i- Then 

p+g=r 

If {e 1 , . . . , e™} is a basis of Vi ; o, then {e 1 , . . . ,e™} is a basis of Vb,i and 
{e* 1 A • • • A e ip A e- 7 ' 1 A • • • A e jq , 1 < i\ < ■ ■ ■ < i p < n , 1 < ji < ■ ■ ■ < j q < n} 
is a basis of A p > q V* c . 
3.3. Para-Hermitian forms. 

Definition 3.2. A para-Hermitian form on V c is a map h : V c x V c — > 

C such that: 

i) h is C -linear in the first entry and C-antilinear in the second entry; 

ii) h(W, Z) = h(Z,W). 

Definition 3.3. A para-Hermitian symmetric form on V c is a sym- 
metric C -bilinear form h : V c x V c — > C such that 

hiy^^V 1 ' ) = h(V°' 1 ,V°' 1 ) = 0, 

h(Z,W) = h(Z,W) 

for any Z,W eV c . 

It is called non-degenerate if it has trivial kernel: 

ker(h) = {Z G V c : h(Z, V c ) = 0} = 

If h(Z, W) is a para-Hermitian symmetric form, then h(Z, W) = h(Z, W) 
is a para-Hermitian form. 

Lemma 3.4. There exists a natural 1 — 1 correspondence between pseudo- 
Euclidean metric g on a vector space V such that 

g(KX,KY) = -g(X,Y), X,YeV 

and non- degenerate para-Hermitian symmetric forms h = g c in V c , where 
g c is the natural extension of g to C -bilinear symmetric form. Moreover, 
the natural C -extension lo c of the two form u> = g o K coincides with the 
(1, \)-form g c o K. 
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4. PARA-COMPLEX MANIFOLDS. 

We recall some basic definitions of para-complex geometry. 

Definition 4.1. An almost para-complex structure on a In- 
dimensional manifold M is a field K G r(End(TM)) of endomorphisms 
such that 

i) K 2 = U TM , 

ii) the two eigendistributions T^M := ker(Id=F K) have the same rank. 

A almost para-complex structure K is said to be integrable if the dis- 
tributions T^M are involutive. In such a case K is called a para-complex 
structure. A manifold M endowed with an (almost) para-complex structure 
K is called an (almost) para-complex manifold. 

A map f : (M,K) — > (M',K') between two (almost) para-complex manifolds 
is said to be para-holomorphic if 

(2) dfoK = K'odf. 

The Nijenhuis tensor Nk of an almost para-complex structure K is 
defined by 

N K (X, Y) = [X, Y] + [KX, KY] - K[KX, Y] - K[X, KY] 

for any vector fields X, Y on M. As in the complex case, a para-complex 
structure K is integrable if and only if Nk = (see e.g. |34|). 
A basic example of a para-complex manifold is given by 

C n :={(z 1 ,...,z n ) | z a G C,i = l,...,n}, 

where the para-complex structure is provided by the multiplication by e. 
The Frobenius theorem implies (see e.g. [35]) the existence of local coor- 
dinates (z",z^) , a = 1, . . . , n on a para-complex manifold (M,K), such 
that 

T + M = span j , a = 1, . . . , raj , T'M = span j , a = 1, . . . , n 

Such (real) coordinates are called adapted coordinates for the para- 
complex structure K. 

The cotangent bundle T*M splits as T*M = T\M © T*M, where T±M are 
the ±l-eigendistributions of K*. Therefore, 

r 

A r T*M = A p f_T*M, 

p+q=l 

where A p f_T*M = A P (T^M) <g> A" (TIM). The sections of A p _; q _T*M are 
called (p+, q—)- forms on the para-complex manifold (M,K). We will de- 
note the space of sections of the bundle A p l q _T*M by the same symbol. 
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We set 

d + = pr A p + _i„ (M) od: A™(M)->a£- 1,5 (M), 

9_ = pr Ar _ +1(M) od:A p /„(M)-A p /_ +1 (M). 

Then the exterior differential d can be decomposed as d = 9+ + cL and, 
since d 2 = 0, we have 

3 2 = 9 2 = , d + d- + = . 

4.1. Para-holomorphic coordinates. Let (M,K) be a 2n-dimensional 
para-complex manifold. Like in the complex case we can define on M an 
atlas of para-holomorphic local charts (U a ,ip a ) where ip a : M D U a — > 
C ra and such that the transition functions ip a o ip^ 1 are para-holomorphic 
functions in the sense of ([2]). We associate with any adapted coordinate 
system (z",z^) a para-holomorphic coordinate system z a by 

z a + z a z a — z a 

(3) z a = + 2 ~ + e + - - , a = l,...,n. 

One can easily check (see [34J ) that z a are para-holomorphic functions in the 
sense of ([2]) and that the transition functions between two para-holomorphic 
coordinate systems are para-holomorphic. We stress that the real part x a 
and the imaginary part y a of the functions z a given by 

x a = \{z a + z") = \{z% + z a _) , y a = ^(z a -^) = i(4 - z a _) 
are not necessarily real analytic. 

4.2. Para-complex differential forms. Let (M, K) be a para-complex 
manifold. We define para-complex tangent bundle as the M-tensor prod- 
uct T C M = TM (8) C and we extend the endomorphism K to a C-linear en- 
domorphism of T c M. For any p G M, we have the following decomposition 
of T p c M: 

(4) T p c M = T p 1 ' Mer p ' 1 M, 
where 

r p 1,0 M = {Z £ TpM | KZ = eZ} = {X + eKI | X G T p M} , 

T^M = {Z G T p c M | = -eZ} = {X - eKX | X G T p M} 

are the " eigenspaces" of K with "eigenvalues" ±e (see remark f3 . 1 j) . 

We define the conjugation of an element Z = X + ey G T p M c by Z = 

X — eY. Then Tp :1 M = T'M. The para-complex vectors 

dz a ~ 2 \dx a + e dy a ) ' &z a ~ 2 \dx a ~ & dy a J 

form a basis of the spaces Tp'°M and Tp' M, respectively. A vector Z G 
Tp'°M, respectively, Z G Tp' l M , has uniquely defined coordinates with 
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respect to respectively, ^r. 

The para-complex structure K acts on the dual space (T C ')*M by 

K*a(X) = a{KX) . 

We have a decomposition 

(T C )*M = A 1,Q (M) A 0,1 (M) , 

where 

A 1,0 (M) := {a + era|aefM}, 

A 0>1 (M) := {a - eK*a \ a G T*Af } , 

are eigenspaces for K with eigenvalues ±e. We denote by 

dz a = dx a + edy a and dz a = dx a - edy a 

the basis of A 1,0 (M) and A 0,1 (M) dual to the bases -J^z and -Jj=a , respectively. 
The last decomposition induces a splitting of the bundle A r (T c ')*M of para- 
complex r-forms on (M, .fT) given by 

A r (T c )*M= A M (M). 

p+g=r 

The sections of A P ' 9 (M) are called (p, f/)-forms on the para-complex mani- 
fold (M,K). One can check that 

(5) A^_ (M) = {lo G A 1 ' 1 (AO | w = ZJ} . 

The exterior derivative d : A r T*M c A r+1 T*M C splits as d = 9 + 9, 
where 

9 = pr AP+ i„ (M) ° d = A M (M) - A P+1 ' 9 (M ) , 
a = pr AP ,,+i (M) od: A P '«(M)^ A M+1 (M) , 

and moreover, since d 2 = 0, we easily get 

d 2 = , 5 2 = , <9d + 95 = . 

The operators 8, d are related to d + , d- by 

d = \{{d + + 0_) + e(d + - , a = \{{8 + + ft_) - e(d + - 8.)) . 
In particular, 

dd = ed+8- . 

We need the following result which is a consequence of a version of the 
Dolbeault Lemma for a para-complex manifold (see |34J). 

Proposition 4.2. Let (M, K) be a para- complex manifold and lo a closed 2- 
form belonging to A+ _ (M) . Then locally there exists a real-valued function 
F ( called potential ) such that 

to = d+d-F = eddF. 
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The potential F is defined up to addition of a function f satisfying the 
condition d+d-f = 0. 

5. PARA-KAHLER MANIFOLDS. 

5.1. Para-Kahler structures and para-Kahler potential. We recall 
three equivalent definitions of a para-Kahler manifold. 

Definition 5.1. A para-Kahler manifold is given equivalently by: 

i) a pseudo-Riemannian manifold (M, g) together with a skew- 
symmetric para-complex structure K which is parallel with respect 
to the Levi-Civita connection; 

ii) a symplectic manifold (M,lo) together with two complementary in- 
volutive Lagrangian distributions T M. 

iii) a para-complex manifold (M,K) together with a symplectic form lo 
which belongs to A_^_(M). 

The relations between the three definitions are the following. A pair (g, K) 
as in i) defines a symplectic form lo = g o K and complementary involutive 
Lagrangian distributions T^M which are eigenspace distributions of K. One 
can check that the para-complex extension of the symplectic form belongs 
to A+_(M). Assume now that (K,lo) is as in iii). Then g = lo o K is a 
pseudo-Riemannian metric on M and (g, K) satisfies i) due to the following 
formula (see [341 Theorem 1]) 

2g((V x K)Y, Z) = du(X, Y, Z) + du(X, KY, KZ) - g{N K (Y, Z), KX) . 

Let (M, K, u, g) be a para-Kahler manifold. We denote by the same letters 
g and lo the extensions of g and lo to C-bilinear forms. 

Lemma 5.2. The following formulas hold: 

i) g(Z,W) = g(Z,W), lo(Z,W) =lo(Z,W), VZ,WeT c M; 

ii) g{KZ, KW) = -g(Z, W), lo(KZ, KW) = -u(Z, W); 

iii) the restrictions of g and lo to T 1,0 M and T 0,1 M vanish. 

Proof, i) follows from reality of g and lo. ii) follows from the definition. For 
iii), since any element of T 1,0 M has the form X + eKX, for X G TM, we 
get 

g(X + eKX, Y + eKY) = g(X, Y) + g(KX, KY) + 

+ e(g(X,KY)+g(KX,Y)) = 0. 

□ 

Let now (z , . . . ,z n ) be a local para-holomorphic coordinate system. We 
denote by 

d a = - — , da = d a = Tr= , a = l,...,n 

dz a dz a 

the para-holomorphic and para-anti-holomorphic vector fields. Then we put 

9 a p '-=9(da,dp) = g=p 
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and remark that 

9ap = g{d a ,d^) = 0, g^p = g(da, <%) = . 
In these coordinates, 



9 = 9 a pdz a dz t5 + g a pdz a dzP , uj = 2 ^ w^dtf* A dz? , 

a,/3 

where u a -a = e g a p. Since to is closed, we have 

dz7 dz a ' 0z0 ' 

Proposition 14.21 implies the local existence of a real function F such that 

g a p = d ^ F ■ 

The function F is called the para-Kahler potential of the para-Kahler 
metric g. 

5.2. Curvature tensor of a para-Kahler metric. Denote by V the Levi- 
Civita connection of the pseudo-Riemannian metric g and by = T^ A the 
Christoffel symbols with respect to a para-holomorphic coordinates, where 
A, B, C denote both Greek indices and their conjugates. 

Lemma 5.3. The only possible non-zero Christoffel symbols are 

r 7 - r 7 " 

1 af3 ~ 1 ap ■ 

Proof. The condition X7K = implies 

V dA Kd B -KV dA d B = 0. 

Hence, 

ev^-iff^r^+^r^) = o, 

V 7 7 / 

e (E r V7 + E r I^)-eE r V7+ e E r IA = o, 

V 7 7/7 7 

2e E r XA = o, 



which implies r 7 ^ = 0. The other computations are similar. □ 

By the formula relating the Levi-Civita connection to the metric, we can 
express the Christoffel symbols by 

(6) E 9aJ^% = , E 9a^%y = ■ 
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Proposition 5.4. The curvature tensor R and the Ricci tensor S of a para- 
Kahler metric g satisfy the following relations 

(7) R(X, Y) o K = K o R(X, Y) , R(KX, KY) = —R{X, Y) , 

(8) S(KX, KY) = -S(X, Y) , 

for any vector fields X, Y € X(M) . 

Proof. Since K is parallel with respect to the Levi-Civita connection V of 
the para-Kahler metric g, we easily get that R(X, Y) and K commute for 
any X, Y. Hence the first formula of ([7|) is proved. 
We have: 

g{R{KX,KY)V,U) = g(R(U,V)KY, KX) 
= g(KR{U,V)Y,KX) 
= -g(R(U,V)Y,X) 
= -g(R(X,Y)V,U), 

which implies that R(KX, KY) = -R(X,Y). 
By definition of the Ricci tensor S, we get 

S(KX,KY) = tr (V ■-> R{V,KX)KY)) 

= -tr (KV i-» R(KV, KX)KY)) 

= tv(KV ^ R(V,X)KY)) 

= tv(KV ^ KR(V,X)Y)) 

= — tr (V h-> R(V, X)Y)) 

= S(X,Y), 

where we used flTJ) and the fact that g(KX, KY) = -g(X, Y). □ 

Proposition 5.5. The only possible non-zero components of the Riemann 
curvature tensor R are 

Tjct na jya na 

U f3-y5> n i3yS> n p jS i n py5> 

Proof. Since R(dc, do) ° K = K o R(dc, do), we have 

g(R(dc,d D )dp,d y ) = -eg(R(dc,d D )Kdfs,d^) 

= -eg{KR{dc,d D )dp,d 1 ) 

= eg(R(d c ,d D )df3,Kd^) 

= -g(R{dc,d D )dp,d 1 ) . 

Hence, i??L n = 0. In a similar way, taking into account the symmetry 
properties of the Riemann tensor, the statement can be proved. □ 
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By the formulas above, recalling the expression of R in terms of Tg^, it 
follows that 

(9) K j = —z§r ■ 

5.3. The Ricci form in para-holomorphic coordinates. The Ricci ten- 
sor of the metric g is defined by 



riCAB = ^2 R ACB ■ 

c 

Therefore, by Proposition 15.51 and ([9]), we obtain 



<9r 7 — 

(10) ric a p = "JZ^ 1 , ric sf) = R p, ric af3 = ric^ = . 



7 

We define the Ricci form p of the para-Kahler metric g by 

(11) p := rico K . 

We extend it to a para-complex 2-form p. Formula (|10p shows that p has 
type (1,1) and in local coordinates can be represented as 

p = 2e ric -sdz a A dz 13 . 

Proposition 5.6. The Ricci form of a para-Kahler manifold is a closed 
(1, l)-form and can be represented by 

(12) p = eddlog(det(g a - )). 
In particular, 



(13) ric 



d 2 log(det(g Xjl )) 



a/3 dz a dz,P 

Proof. We remark that the metric g defines a C-linear bijective map g : 
T 1,0 M -> T - 1 *!. There exists inverse map cT 1 : T 0,1 *M -> T 1,0 M which 
is C-linear. It is represented by a matrix (<?^ Q ) such that g^g ^ = ba- 
llsing ([6]) and the identity that is still valid in para-complex case 

/3 7 



we obtain 



Hence, by (fT2|) and (fT5|) we get 



7 

7 



dlog(det(ff A ji)) 
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The last formula implies 

n(t , . d 2 log(det( gA7I )) 

(16) = d*"dzf> ' 
which proves that 

p = edd\og(det(g a p)) . 

□ 

5.4. The canonical form of a para-complex manifold with volume 
form. Let (M, K, vol) be an oriented manifold with para-complex structure 
K and a (real) volume form vol. We define a canonical (1, l)-form p on M. 
Let z = (z 1 ,...,z n ) be local para-holomorphic coordinates and (x a ,y a ) 
corresponding real coordinates, where z a = x a + ey a . 
Then we can write 

(17) vol = V(z,z)dz l Adz 1 A ... Adz n Adz n 

= U(x, y)dx 1 A dy l A ... A dx n A dy n . 

We may assume that U(x,y) > 0, as M is oriented. 
Since 

dz a A dz a = (dx a + edy a ) A (dx a - edy a ) = -2e dx a A dy a 

then 

(-2e) n V(z,z)=U(x,y). 
In particular the, function (— e) n V is positive. 

Let z' a (z) = x' a {z) + ey' a (z) be another para-holomorphic coordinates such 
that the associated real coordinates (x' a ,y' a ) have the same orientation and 
V'(z',z'),U'(x',y') be corresponding functions as in (fT7|) . Then 



V'(z', z') = V(z, z) A(z) A(z) , U'(x', y') = U(x, y) J(x, y) 

where A(z) = det ||^|| and J = det [[ d(x%) H ^ ^ are ^ e J aco bian of the 
corresponding transition functions. Since {—2e) n V = U' we have 



A{z)A(z) = J(x,y) > 0. 

If we write 

A{z) = u(z) + ev(z) , 

then 

A{z) ~Ajz) = u 2 -v 2 = J > 0. 
Hence This implies the following 

Lemma 5.7. The formula 

(18) p = eddlog({-e) n V) 

defines a real global closed 2-form of type (1, 1) on the oriented para-complex 
manifold (M, K, vol). 

The form p is called the canonical form on (M,K, vol). 



28 



D.V. ALEKSEEVSKY, C. MEDORI AND A. TOMASSINI 



Proof. Since (—e) n V(z,z) is a positive smooth function of (z,z), logarithm 
of (— e) n V is a well defined smooth function and p = ddlog((—e) n V) is a 
(1, l)-form. It remains to check that if z' is another coordinate system and 
V = V(z,~z) A(z) A(z) is the associated function, then 

p' = dd\og({-e) n V') =p. 

Since the real part u of A(z) = u + ev is not zero, we can choose e = ±1 
such that A e := eA and A e := eA has positive real part, then the function 
log(A e (z)) is a para-holomorphic function. In particular, d\og(eA(z)) = 0. 
Similarly, log(A e (z)) is anti-para-holomorphic. Then 



p' = eddlog((-e) n V) = edd\og({-e) n V A t {z)A^{z] 

= edd log((-e) n y) + log(A e (z)) + log (7^(z 
= edd\og{(-e) n V) = p. 

Hence, from formulas (|12p and (|18j) . we get the following 



□ 



Corollary 5.8. Let (M,K,uj,g) be an oriented para-Kahler manifold and 
vol 9 the volume form associated with the metric g. Then the Ricci form 
p of the para-Kahler manifold M coincides with the canonical form of 
(M, K,vol 9 ). In particular p depends only on the para-complex structure 
and the volume form. 

Now we derive a formula for the canonical form p in term of divergence. 
Let (M, K) be a 2n-manifold with a para-complex structure and vol be 
a (real) volume form on M. With respect to the local para-holomorphic 
coordinates z a on M, we can write 

vol = V(z, z)dz x A ... A dz n A dz 1 A ... A dz n , 

where V is a real or imaginary valued function depending on the parity of 
n. 

We define the divergence divX of a vector field X E X{M) on (M,vol) 

by 

Cx vol = (div X) vol , 

where Cx denotes the Lie derivative along the vector field X. Then for 
X, Y £ 3C(M) and any smooth function / G C°°(M) we have 

(19) X(dwY) - Y(dwX) = div[X,Y] , div (fX) = fdivX + X(f). 
Moreover, setting di = ^r, we have 

div (ft) = dilog((-e) n V0 

and if X = X l di then 

(20) divX = diX 1 + d i (log((-e) n V))X i . 
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For any 

Z = Z a d a + Z"da , W = W^dp + whp , 

we denote by 

h(Z, W) = d a d- p \og((-e) n V)Z a wP + d a d $ \og({-e) n V)W a ZP 
the para-Hermitian form associated with p. Then 

p{Z, W) = h{Z,KW). 
The following lemma will be used in the next section 

Lemma 5.9. Let X,Y be vector fields on M such that divX = divY = 
and CxK = LyK = 0, where C denotes the Lie derivative. Then 

(21) 2p(X,Y) = div(K[X,Y}). 

Proof. Set 

X c = X + eKX , Y c = Y + eKY ; 

then, X c and Y c are para-holomorphic vector fields and by definition of p 
and h we have 

2p(X,Y) = e -{-h(X c ^) + h{X-^Y c )) 

= ^{-h{X c ,Y^) + h(X^Y^)) 

= -21m h(X c ,Y*) 

= -Im (X c (divF^)) 

= (X(div KY) - KX{d\v Y)) 

= dw{[X,KY}) 

= dw(K[X,Y}), 

where in the last equality we used that CxK = 0. □ 

6. HOMOGENEOUS PARA-KAHLER MANIFOLDS. 

6.1. The Koszul formula for the canonical form. Let M = G/H be a 

homogeneous reductive manifold with an invariant volume form vol. We fix 
a reductive decomposition g = f) + m of the Lie algebra q and identify the 
subspace m with the tangent space T Q M at the point o = eH. 
We denote by Q = it* vol the pull back of vol under the natural projection 
7r : G — > G/H. We choose a basis u l of the space of left-invariant horizontal 
1-forms on G such that = lo 1 A ... A uj m and denote by Xi the dual 
basis of horizontal left-invariant vector fields. (The horizontality means that 
•J 1 vanish on fibers of it and the vector fields Xi tangent to left-invariant 
distribution generated by m). For any element X € g we denote by the 
same letter X the corresponding left-invariant vector field on G and by X' 
the corresponding right-invariant vector field on G. 
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Lemma 6.1. (Koszul [77] ) Let X be the velocity vector field on M = G/H of 
a 1-parameter subgroup of G. Then the pull-back 7r*(divX) of the divergence 
divA" is given by 

2n 

7T*(divA) =J2A[Xi,X]). 

i=l 

Proof. For any projectable vector field X on G with the projection X we 
have 

ir*(divX)n = tt*(C x voI) = c x n = J2u\[Xi,X})n. 

□ 

Now we assume that G/H is endowed with an invariant para-complex 
structure K and we derive a formula for the canonical form. We extend the 
endomorphism K\t m = K\ m to the Ad /^-invariant endomorphism K of q 
with kernel f) and we denote by the same symbol the associated left-invariant 
field of endomorphisms on the group G. 

Proposition 6.2. Let M = G/H be a homogeneous manifold with an in- 
variant volume form vol and an invariant para-complex structure K. Then 
the pull-back n*p to G of the canonical 2-form p associated with (vol,K) at 
the point o = eH is given by 

2K*p(X,Y) = Y," i ([K[X,Y],X i ]-K[[X,Y],X i ]) , VX,Y€g. 

In particular, 

2n*p e = dip , 

where ip is the ad ^-invariant 1-form on q given by 

(22) VPO = ~tr m (&& kx - i^adx) , Vl£g. 

The 1-form ip (and the associated left-invariant 1-form on G) is called the 
Koszul form. 

Proof. We denote by X',Y',Z' = [X' , Y'] right-invariant vector fields on G 
associated with elements X,Y, Z = [X, Y] of g. These vector fields project 
to vector fields on M = G/H which are generators of 1-parameter subgroups 
of G acting on M; in particular, they preserve the para-complex structure 
and the volume form. Applying (|21f) of Lemma 15.91 and Lemma 16.11 we get 

2ir*p(X,Y) = 2p(ir*X',7r*Y') e = div{KiT4X , ,Y'}) e 

% 

Since left-invariant vector fields JT, commute with right-invariant vector 
field Z',we can write 

[X u KZ'] e = (£ Xi K)Z' e = (£ Xi K)Z\ e 

= C Xi (KZ)\ e -K(C Xi Z)\e 
= [X t ,KZ}-k([Xi,Z}). 
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Here we consider Z and KZ as left-invariant vector fields on G. Substituting 
this formula into the previous one, we obtain the statement. □ 

6.2. Invariant para-complex structures on a homogeneous mani- 
fold. Let M = G/H be a homogeneous manifold and f), q be the Lie algebras 
of H, G, respectively. 

Proposition 6.3. There is a natural 1-1 correspondence between invariant 
para- complex structures K on M with eigenspaces decomposition TM = 
T + ©T~ and decompositions g = + +0~ into two hdn -invariant subalgebras 
± with g + n g~ = f) and dim0 + /rj = dimg~/h. 

Proof. Indeed, such a decomposition defines two complementary Adn- 
invariant subspaces ± /f) C fl/f) = T Q M which can be extended to com- 
plementary invariant integrable distributions T . □ 

An invariant para-complex structure K associated with a graded Lie al- 
gebra can be constructed as follows. Let 

(23) S = 0-fc H h 0-i + 0o + 01 H V Qk , [di, Sj] C 9i+j 

be a Z- graded Lie algebra. Then the endomorphism D defined by D\ Sj = J Id 
is a derivation of 0. Extending the Lie algebra to MD + if necessary, we 
may assume that the derivation D is inner, i.e. there is an element d £ Qq, 
called grading element, such that D = ad^. Let G be a connected Lie 
group with Lie algebra and H be the (automatically closed) subgroup 
generated by f) := 0o- Then the decomposition 

= + + 0" , ± = 00 + Yl 9±3 

defines an invariant para-complex structure K on the (reductive) homo- 
geneous manifold M = G/H. The homogeneous para-complex manifold 
(M = G/H,K) and the para-complex structure K are called the para- 
complex manifold and the para-complex structure associated with 
a gradation. 

Note that the grading element d generates an Anosov flow ipt := exp(td) 
on M = G/H with smooth stable distribution T _ and unstable distribution 
T + which preserves the canonical invariant connection on M associated 
with the reductive decomposition = f) + m := 0o + (J2j^o9j)- The result 
by Benoist and Labourie [23], who describes Anosov diffeomorphisms on 
a compact manifold with smooth stable and unstable distributions which 
preserve a linear connection (or symplectic form), shows that there is no 
compact smooth quotient of M which preserves the Anosov diffeomorphism 
<pi, that is a cocompact freely acting discrete group T of diffeomorphisms 
of M which commutes with the Anosov diffeomorphism ip\. Moreover, the 
following deep result [23J shows that there is no compact manifold modelled 
on the homogeneous manifold M = G/H of a semisimple Lie group G 
associated with a graded Lie algebra. Recall that a manifold N is modeled 
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on a homogeneous manifold G/H if there is an atlas of G/H- valued local 
charts whose transition functions are restrictions of elements of G. 

Theorem 6.4. [23] Let G/H be a homogeneous manifold of a connected 
semisimple Lie group G which admits an invariant volume form. If there 
is a compact manifold N modelled on G/H , then H does not contain any 
hyperbolic element. In particular, if G/H admits a smooth compact quotient 
r \ G/H, then the center of H is compact. 

Note that a semisimple group G admits a cocompact discrete subgroup V 
such that the quotient T \ G/H is a compact orbifold and it would be inter- 
esting to construct such an orbifold with induced Anosov diffeomorphism. 

6.3. Invariant para-Kahler structures on a homogeneous reductive 
manifold. Now we give a Lie algebraic description of invariant para-Kahler 
structures on a homogeneous manifold M = G/H with a reductive decom- 
position g = f) + m, [f),m] C m. We denote by 

j :H -» GL(m), h ^ j(h) = Ad h \ m 

the isotropy representation of H into m = T Q M. Recall that an invariant 
symplectic structure on M = G/H is defined by a closed Ad^-invariant 
2-form w on g with kernel f). The invariant para-complex structure K asso- 
ciated with a decomposition 

= + + 0" = (f) + m + ) + (fj + m~) 

is skew-symmetric with respect to the invariant symplectic form u (in other 
words uo is of type (1,1)) if and only if u;| m ± = (see lemma I5T21) . This 
implies 

Proposition 6.5. Invariant para-Kahler structures on a reductive homo- 
geneous manifold M = G/H are defined by triples (to,m + ,m~), where 
m = m + + m _ is a j(H) -invariant decomposition such that = t) -{-m^ are 
subalgebra of q and u is a closed Adn-invariant 2-form with kernel \) such 
that oj\ m ± = 0. 

Note that an invariant volume form on a homogeneous manifold M = 
G/H exists if and only if the isotropy representation j(H) is unimodular 
(i.e. det(j(/i)) = 1 for all h G H), and it is defined up to a constant scaling. 
We get the following 

Corollary 6.6. Let (M = G/H,K) be a homogeneous para-complex mani- 
fold which admits an invariant volume form vol. Then any invariant para- 
Kahler structure (K, to) has the same Ricci form p which is the canonical 
form of (K, vol). Moreover, there exists an invariant para-Kahler Einstein 
structure with non zero scalar curvature if and only if the canonical form p 
is non degenerate. These structures are given by pairs (K,uj), with u = Xp, 
A / 0. 
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7. Homogeneous para-Kahler Einstein manifolds of a 

semisimple group. 

The aim of this section is to describe invariant para-Kahler Einstein struc- 
tures on homogeneous manifolds M = G/H of semisimple groups G. 
We need the following important result. 

Theorem 7.1 (|63j). A homogeneous manifold M = G/H of a semisimple 
Lie group G admits an invariant para-Kahler structure (K,u>) if and only if 
it is a covering of a semisimple adjoint orbit Ad oh = G/Zq{K) that is the 
adjoint orbit of a semisimple element h € 0. 

Note that in this case Z%(K) C H C Z G (h), where Z%{h) denote the 
connected centralizer of h in G and the element h is h-regular, i.e. its 
centralizer in q is Z g (h) = t). 

We will describe invariant para-complex structures K on such a homo- 
geneous manifold M = G/H in term of Satake diagrams and invariant 
symplectic structures u>. Then we describe the canonical form p = px on 
(G/H, K) in term of roots and show that it is non degenerate. This implies 
that for any invariant para-complex structure K there exists a unique para- 
Kahler Einstein structure (K,\px) with given non-zero scalar curvature. 

7.1. Invariant para-Kahler structures on a homogeneous manifold. 

Let M = G/H be a covering of an adjoint orbit Ad oh of a real semisimple 
Lie group G that is Zq(H) C H C Zq(K). Since the Killing form B\§ is non- 
degenerate, the l?-orthogonal complement m = fj of f) defines a reductive 
decomposition 

= f) + m. 

We recall that a gradation 

(24) = Q-k H h 0-i + 0o + 01 H h 9k , [di, Qj] C Q i+j 

of a semisimple Lie algebra is defined by a grading element d G 0o- A 
gradation is called fundamental, if the subalgebras 



are generated by q±i, respectively. 

Lemma 7.2. A gradation is Ad h -invariant, where H C G is a subgroup 
of G with the Lie algebra f) = 0o if o-nd only if Ad h preserves d. 

The following proposition describes all invariant para-Complex structures 
K on a homogeneous manifold M = G/H of a semisimple Lie group G which 
is a cover of an adjoint orbit of a semisimple element h E 0. 

Proposition 7.3 ([9]). There is a natural 1 — 1 correspondence between 
invariant para- complex structures K on a homogeneous manifold G/H of a 
semisimple Lie group G which is a covering of a semisimple adjoint orbit 
M = Adc(h) and Ad h -invariant fundamental gradations (|24l) of the Lie 



(25) 
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algebra q with qq = F). The gradation (I24p defines the para-complex structure 
K with eigenspace decomposition TM = T + + where invariant integrable 
distributions T are invariant extensions of the subspaces m± defined by 

dsn. 

Let f) = Z g (h) be the centralizer of a semisimple element h. We have 
a iJ-orthogonal decomposition f) = 3 + f)', where 3 is the center of f) and 
fj' = [fj, f)]. Recall that an element 2; G 3 is called f)-regular if ZJz) = f).We 
need the following known 

Proposition 7.4. Lei M = G/H be a homogeneous manifold as in the 
previous proposition. Then there exists a natural 1 — 1 correspondence be- 
tween Ad h -invariant elements z G 3 and closed invariant 2-forms uj z on 
M = G/H given by 

u z (X, Y) = B(z, [X, Y}) , VX, Y G m = T M c g . 

Moreover oj z is a symplectic form if and only if z is ^-regular. 

Corollary 7.5. Any invariant para-complex structure K on M = G/H is 
skew-symmetric with respect to any invariant symplectic structure. In other 
words, any pair (K,uj) defines an invariant para-Kdhler structure. 

7.2. Fundamental gradations of a real semisimple Lie algebra. We 

recall the description of a real form of a complex semisimple Lie algebra 
in terms of Satake diagrams, which are extensions of Dynkin diagrams (see 
[56]). 

Any real form of a complex semisimple Lie algebra q is the fixed point 
set g CT of an anti-linear involution a of q. A Cartan subalgebra a a of Q a 
decomposes into a direct sum a = o + © a~, where 

(26) a + := {X € fj | ad (X) has purely imaginary eigenvalues} , 

(27) a~ := {X G fj | ad (X) has real eigenvalues} , 

are called the toroidal and the vectorial part of a, respectively. 

Let a CT be a maximal vectorial Cartan subalgebra of Q a , i.e. such that the 
vectorial part a - has maximal dimension. Then the root decomposition of 
Q a , with respect to the subalgebra a a , can be written as 

= A + 2^ B> ' 

Aes 

where S C (a~)* is a (non-reduced) root system. 

Denote by = (o CT ) c the complexification of o CT (which is a a- invariant 
Cartan subalgebra) and by a* the induced anti-linear action of a on a*: 

a* a = a o a , a G a* . 

Consider the root space decomposition of g with respect to a: 

= a + Qa ' 

oG-R 
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where R is the root system of (g, o). Note that a* preserves R, i.e. a*R = R. 

Now we relate the root space decompositions of g CT and g. We define the 
subsystem of compact roots R, by 



and denote by R' = R \ R. the complementary set of non-compact roots. 
We can choose a system IT of simple roots of R such that the corresponding 
system R + of positive roots satisfies the condition: 



In this case, II is called a er-fundamental system of roots. 
We denote by II, = II n R, the set of compact simple roots (which are 
also called black) and by II' = II \ II. the non-compact simple roots (called 
white). The action of a* on white roots satisfies the following property: 
for any a € II' there exists a unique oi £ II' such that a* a — a' is a linear 
combination of black roots. In this case, we say that a, a' are er-equivalent. 

The information about the fundamental system (II = II. U II') together 
with the ex-equivalence can be visualized in terms of the Satake diagram, 
which is defined as follows: 

on the Dynkin diagram T of the system of simple roots II, we paint the ver- 
tices which correspond to black roots black and we join the vertices which 
correspond to cr-equivalent roots a, a' by a curved arrow. We recall that 
there is a natural 1 — 1 correspondence between Satake diagrams subordi- 
nated to the Dynkin diagram of a complex semisimple Lie algebra g, up to 
isomorphisms, and real forms g a of g, up to conjugations. The list of Satake 
diagram of real simple Lie algebras is known (see e.g. |56j). 

The following proposition describes fundamental gradations of semisimple 
complex (respectively, real) Lie algebras in terms of crossed Dynkin (respec- 
tively, Satake) diagrams (see e.g. [43], [TO]). 

Proposition 7.6. A fundamental gradation of a complex semisimple Lie 
algebra S = X^Sp can be 9™ en by a crossed Dynkin diagram T. Crossed 
nodes belong to a subset IT 1 of a simple root system IT = IT U IT 1 . The 
corresponding grading vector d £ a is given by 



a(d)=p 

A real form g CT is consistent with the gradation (i.e. d € Q a ) if and only if 
the corresponding Satake diagram T satisfies the following properties: 

i) all black nodes ofT are uncrossed; 



R, = {a 6 R | a*a 



a} = {a j a(f) ) = 0} 



R', := R' n R + is a-invariant. 




The subspaces q p are given by 




36 



D.V. ALEKSEEVSKY, C. MEDORI AND A. TOMASSINI 



ii) two nodes related by an arrow are both crossed or uncrossed. 

7.3. Computation of the Koszul form and the main theorem. Now 

we compute the Koszul form of a homogeneous para-complex manifold (M = 
G a /H a , Km, vol), where G a is a real form of a complex semisimple Lie group 
G, M = G a /H a is a covering of a semisimple adjoint orbit Adc^d, Km is 
the invariant para-complex structure on M defined by the gradation of the 
Lie algebra g CT with the grading element d G g CT and vol is an invariant 
volume form on M. According to Proposition 16.2} it is sufficient to describe 
the Koszul form ip on the graded Lie algebra g CT or its complexification g. 

We choose a Cartan subalgebra o C go of the Lie algebra g and denote 
by R the root system of (g, a). Let 

n = n° u n 1 

be the decomposition of a simple root system II of the root system R which 
corresponds to the gradation and by 

P = ?°UP 1 



the corresponding decomposition of the fundamental weights. 

We denote by R + the set of positive roots with respect to the basis II and 

set 

R^ = {a G R + | Q a C g } . 

The following lemma describes the Koszul form ip G o CT C g CT C g defined by 
(|22p in terms of fundamental weights. 



Lemma 7.7. The Koszul 1-form ip G a* is equal to 

if, = 2{5 S - 5^) 

where 



and the linear forms on the Cartan subalgebra a are considered as linear 
forms on g which vanish on root spaces g a . 

Proof. First of all, remark that for any E a G Q a we have 

f if ± a G RJ. 



KE n 



±E a if ± a G R + \ R$ . 



Hence the endomorphisms i^ad^ a and &&KE a are nilpotent and conse- 
quently tp(E a ) = 0, for any root a G R. In particular tp\ m = 0. 
Assume now that X = t belongs to the Cartan subalgebra a. Then 
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ad t(E a ) = a(t)E a . Therefore 

ifj(t) = tT m (K ad t - &d K t) = tr m (K ad t ) = tr m+ (Kad t ) + tr m _ (K ad t ) 

= E «(*)- E «w = 2 E «(*) 

oe-R+\i?+ -oei?+\i?^ a£-R+\Rj 

= 2 y, «(<) - 2 E a ^ • 

□ 

By the last lemma and Proposition 4.1 of |12j . it follows 

Proposition 7.8. Let II = n°UiI 1 = {ct\, . . . , ag} be the simple root system 
(corresponding to the gradation) and denote by 7Tj the fundamental weight 
corresponding to the simple root a^, namely 



(Ki,aj) 



Si 



If P 1 = {vr^, . . . ,vrj r }, then the Koszul form tp is equal to 

r 

(28) V = 2 Y n T 7r = 2 E Cbi h' K ih ' 

f(5 f ' a- ) 

(29) o ih = 2 + , witit b ih = -2 v ' ^ > . 

Note that the 1-form ifi depends only on the decomposition II = II U IP. 

Let us denote by {X a ,a € R, H{ , i = 1, ...,£} a Chevalley basis of the 
Lie algebra q. For a € R, we denote by w" the linear forms on q such that 

w a (a) = 0, u a {X f3 ) = 8<$, 

for any (3 £ R. If £ € a* and a £ R, then we put 

„({,„) -2^ 
[a, a) 

The next lemma easily follows from the commutation rules in the Lie algebra 
(see [Ml P- 145] and also [H]). 

Lemma 7.9. The differential of any 1-form £ € a* is given by 

Moreover d£ is an ad ^-invariant 2-form on g with kernel 
ker(ci£) = a + span{£^ Q | (£,a) =0} . 
By Proposition 17.81 and Lemma I7T91 we obtain the following 
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Corollary 7.10. The ad ^-invariant 2-form p = dip on the Lie algebra g 
has kernel f). 

Proof. Let P 1 = {-n - ^ , . . . , 7Tj r } be fundamental weights which correspond to 
crossed simple roots IT 1 = {a^, . . . , aj r }. Then tp = 2(0^71"^ + • • • + aj r 7Tj r ). 
By Lemma 17.91 in order to determine the kernel of tp, it is sufficient to 
describe all roots a with scalar product (ip, a) = 0. Recall that 

1 

(7Tj,aj) = -(Oi, Oil) 

and the scalar product of 7Tj with the other simple roots is zero. We can 
write any root a as 

q = H h k r a ir + 

where f3 is a linear combination of other simple roots. Then 

(V>, a) = 2 (a^ir^ H h a ir 7r ir , &iai H h A: r a ir . + /?) = 

= (fciajj ((aj^ajj H h /c r ai r (a ir ,a ir )) . 

This shows that (ip, a) = if and only if &i = • • • = k r = 0, that is a £ 
Hence the kernel of p is f). □ 

By Corollary 16.61 and Corollary 17.101 and the above discussions, we obtain 
the following 

Theorem 7.11. Zei R be a root system of a complex semisimple Lie al- 
gebra q with respect to a Cartan subalgebra a and q = + • • • + flfc the 
fundamental gradation with the graded element d associated with a decom- 
position II = n°UlI 1 of a simple root system U C R. Let a be an admissible 
anti-involution of g which defines the graded real form g a of q, G a a con- 
nected real semisimple Lie group with the Lie algebra g CT and M = G a /H a 
a covering of a semisimple adjoint orbit Ada* (d) . Denote by K and ip the 
invariant para- complex structure on M and the Koszul form associated with 
the gradation of Q a and by p the invariant symplectic form on M defined by 
dip. 

Then, for any A 7^ 0, the pair (K, Xp) is an invariant para-Kdhler Einstein 
structure on M and this construction exhausts all homogeneous para-Kdhler 
Einstein manifolds of real semisimple Lie groups. 

7.4. Examples. In this subsection we describe the Koszul form ip for ad- 
joint orbits M = G a /H = Adc(h) of some simple Lie group G° . In the 
case of G2 we also indicate the para-Kahler Einstein form p = dtp. 

Case g = Ag = s((n + 1,C). The root system is R = {ej — ej} and the 
system of simple roots is II = {aj = — e%+i}. We will consider two real 
form of g. 

i) G a = SL(* + 1,R). 

We denote by M = SL(£+ 1)/H the homogeneous manifold associated with 

the subsystem of simple roots given by 

II 1 = {a h , a ir I 1 < it < i 2 < ■ ■ ■ < i r < £}■ 
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r+1 

The manifold M has dimension (£ + l) 2 — ^Jfa — ik-i) 2 , where we assume 

fe=i 

that io = and i r+ \ = I + 1. Taking into account formula ([28]) . we get the 
Koszul form 

r 
k=l 

ii) C 7 = SL(2,H) and II 1 = {a 2 }. 

This case corresponds to the crossed Satake diagram 



The manifold M has dimension 8. According to (|29p . we have 62 = 2 and 
therefore a% = 4. Hence the Koszul form is 

tp = 202VT2 = 87T2 = 4«i + 8«2 + 4(23 . 

Taking into account lemma 17^91 by a direct computation we get 

p = 8 {uj 012 Aw~° 2 +uj ai+a2 A W -K+ Q 2) + w a2+a3 /\uj-( a2+a ^ + 

_|_ tJ ai+a2+a3 /\ ^-(0:1+0:2+0:3)^ 

Case of the complex exceptional Lie algebra = 02- The system of 
simple roots can be written as II = {01,02} and the associated system of 
positive roots is 

R + = {ai, 02, «i + «2> 2ai + «2) 3ai + «2> 3ai + 202}- 

We consider the normal real form (02)^ of 02 and denote by G a = G2 the 
corresponding simple Lie group. 
The fundamental weights are 

it 1 = 2ai + a.2 , 7T2 = 3ai + 2ct2 • 

We have the following three cases: 

n 1 = {ai}, 

^ = {02}, 

II 1 = {ai, a 2 } • 

i) The manifold M has dimension 10. By applying formula (|29p . we obtain 
b\ = 3 and consequently 01 = 5. Therefore, by formula ([28]) . the Koszul 
form ijj can be expressed as 

^ = IOtti = 10(2ai + a 2 ) . 

By Lemma 17,9} it follows that the para-Kahler Einstein form p is given by 

p = 10(w ttl Aw" 01 + w Ql + a2 Aw> 1+a2 > +2w 2ttl+ ° 2 Aw-( 2ai+ft2 )+ 

_|_ W 3ai+Q 2 /\ ^-(301+02) _|_ w 3ai+2a 2 /\ u j-(3a 1 +2a 2 )^ 



i) 






ii) 


; & 




«1 «2 


iii) 


is : & 




«1 «2 
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ii) The manifold M has dimension 10. By (I29p . we get 62 = 1 and conse- 
quently 02 = 3. Hence, according to (128ft and Lemma 17.91 the Koszul form 
ip and the para-Kahler Einstein form p are given respectively by 

tp = 67T2 = 6 (3«i + 2tt2) 

and 

p = 6 (w" 2 A w" a2 + 3w Ql+a2 A w-( ai+a2 ) + 3w 2ai+ ° 2 A a)-( 2ai+a2 ' + 

_|_ a; 3ai+a2 /\ w -(3ai+a 2 ) _|_ 2^,301+2(12 /\ ^-(301+202)) 

iii) The manifold M has dimension 12. In this case we get 

if) = 4(vri + vr 2 ) = 4(50!! + 3a 2 ) 

and 

p = 4(cj Qi Aw"" 1 + u/* 2 f\uj~ a2 +Auj ai+a2 Acj-( Qi+Q2 ) + 
+ 5a; 2ai+a2 Aw" (2ai+a2 ' +2cj 3ai+a2 Aw _(3ni+a2) | 
+ 3w 3ai+2a2 Aw" (3oi+2 " 2) ) . 
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